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Abstract Entropies are among the most popular and
promising complexity measures for biological signal
analyses. Various types of entropy measures exist, including Shannon entropy, Kolmogorov entropy, approximate entropy (ApEn), sample entropy (SampEn),
multiscale entropy (MSE), and so on. A fundamental
question is which entropy should be chosen for a specific biological application. To solve this issue, we focus on scaling laws of different entropy measures and
introduce an ensemble forecasting framework to find
the connections among them. One critical component
of the ensemble forecasting framework is the scaledependent Lyapunov exponent (SDLE), whose scaling
behavior is found to be the richest among all the entropy measures. In fact, SDLE contains all the essential information of other entropy measures, and can act
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as a unifying multiscale complexity measure. Furthermore, SDLE has a unique scale separation property to
aptly deal with nonstationarity and characterize highdimensional and intermittent chaos. Therefore, SDLE
can often be the first choice for exploratory studies in
biology. The effectiveness of SDLE and the ensemble forecasting framework is illustrated by considering
epileptic seizure detection from EEG.
Keywords Approximate entropy · Sample entropy ·
Scale-dependent Lyapunov exponent · Seizure
detection

1 Introduction
Entropies are among the most popular complexity
measures for analyzing biological signals. This is
for a very good reason: Fundamentally speaking, entropies of various kinds characterize the rate of creation of information in dynamical systems, while biological systems, such as gene regulatory networks,
protein interaction networks, cells, neurons, or organisms (e.g., heart, brain), all are complicated dynamical
systems with uncertainties, irrespective of their relative size, and thus continuously generate entropies.
Indeed, many researches using entropy for biological
applications have shown tremendous promise. For example, recently, approximate entropy (ApEn) [1] has
been used to assess postural instability following mild
traumatic brain injury (MTBI) [2, 3], which is a sig-
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nificant issue in health sciences, costing nearly $60
billion annually in the United States alone [4–6]. Even
though ApEn has a number of weaknesses compared
with sample entropy (SampEn) [7], it is already considerably more effective than conventional methods
for assessing postural instability [8]. One can readily
see that other entropy measures could be even more
effective for this purpose.
Besides ApEn and SampEn, there are many other
entropies, including Shannon entropy [9], Kolmogorov
entropy [10], correlation entropy [10], multiscale entropy (MSE) [11], permutation entropy [12], lempelZiv complexity [13, 14], and so on. For a researcher,
especially a newcomer, targeting at a specific biological problem, a natural question would be which entropy measure should be chosen for the task. Moreover, in a clinical setting, often, a single number, called
score, is overwhelmingly favored. When is this possible?
The above questions cannot be satisfactorily answered without a proper understanding of the entropy
measures. To expedite progress of many ongoing exciting researches in biology using entropies, and stimulate new researches, in this semireview article, we examine a number of fundamental issues:
(1) What are the connections among the different entropy measures?
(2) How may entropies reliably be computed from
noisy biological data?
(3) How can analytic scaling laws for entropies be derived to guide experimental data analyses?
Our ultimate goal is to be able to choose the most appropriate form(s) of entropy to use in a specific application and aptly interpret analysis results.
The remainder of the paper is organized as follows. In Sect. 2, we briefly describe the EEG data to
be analyzed here and the state-of-the-art of epileptic
seizure detection. In Sect. 3, we introduce Shannon
and Renyi entropies in physical space. In Sect. 4, we
introduce entropies in phase space, and discuss scaling
laws to better understand the difference between ApEn
and SampEn. In Sect. 5, we explore the connections
among various types of entropies through an ensemble
forecasting point of view, and explain how the scaledependent Lyapunov exponent (SDLE) [15, 16] brings
a proper closure to the quantification of information
flow in phase space. Finally in Sect. 6, we briefly summarize main results of the paper, discuss the distinc-
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tion between entropy value and complexity level of a
dynamical system, and present future perspectives.

2 Data
For ease of illustration, we shall analyze a database
of EEG that can be downloaded at http://www.
meb.uni-bonn.de/epileptologie/science/physik/eegdata.
html. The database consist of three groups, H (healthy),
E (epileptic subjects during a seizure-free interval),
and S (epileptic subjects during seizure); each group
contains 100 data segments, whose length is 4097
data points with a sampling frequency of 173.61 Hz.
The details of the data can be found at [17]. Note
part of these data were analyzed in [18], which introduced a complicated framework of first decomposing EEG data into 5 subbands, then calculating linear
and nonlinear measures from the subbands, including
the largest Lyapunov exponent and correlation dimension, and finally using neural network or other machine learning based tools to classify which state an
EEG signal belongs to. In [19], we have shown that
various types of entropies and other complexity measures are similarly effective in forewarning epileptic
seizures. The result of [18] thus suggests that the commonly used entropies measures, including ApEn and
SampEn, when used alone, may not detect seizures
as accurately as the sophisticated approached developed in [18]. Using multiscale approaches, however,
the task can be readily handled. One effective multiscale approach is the adaptive fractal analysis introduced in [20], which is based on a versatile adaptive
filter [21–23]. The approach of [18] but is much simpler. In Sect. 5, we shall develop another similarly simple and effective multiscale approach based on SDLE.

3 Shannon and Renyi entropies of biological
trajectories
To facilitate discussions of various types of dynamical
entropies that are defined in phase space, it is beneficial to first define Shannon and Renyi entropies in
physical space. For illustration purpose, we examine a
biological trajectory.
In a 2-D plane, the simplest biological trajectory
is a straight line. The other extreme is the Drunkard’s
walk: Image that one is completely drunken, blindfolded, spun around a number of times, and let go.
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Fig. 1 COP trajectory for a
subject on day 6 after
concussion

The Drunkard’s trajectory is the famous Brownian motion (Bm), which also characterizes the trajectory of a
pollen particle in a solution. One can easily imagine
that an arbitrary trajectory lies in between a Bm and a
straight line.
A special type of biological trajectory is traced out
by the Center of Pressure (COP), when one is standing still in a static balance test. Such a test is valuable for assessing postural instability following MTBI,
which results from neuropathologic changes due to a
direct or indirect blow to the head. An example of a
COP trajectory is shown in Fig. 1, where A/P and M/L
denote Anterior/Posterior and Medial/Lateral balance,
respectively. For more details of the data, see [24].
To compute Shannon and Renyi entropies for a biological trajectory, assume that the trajectory has visited
m unit areas, with the i-th unit area being visited by ni
times. This is schematically shown in Fig. 1. Note that
an empty unit area, such as that denoted by k in Fig. 1
is irrelevant. Let the trajectory be N points long. Then
the probability pi that the i-th unit area being visited
is ni /N . The Shannon entropy is defined by
I =−

m


Renyi entropy is a generalization of Shannon entropy. It is defined by
 m


1
R
q
log
pi .
(2)
Iq =
1−q
i=1

IqR has a number of interesting properties:
• When q = 1, I1R is the Shannon entropy: I1R = I .
• I0R = log(m) is the topological entropy, which is
just the logarithm of the area traced out by a sway
trajectory.
• If p1 = p2 = · · · = pm = m1 , then for all real valued
q, IqR = log(m).
• In the case of unequal probability, IqR is a nonincreasing function of q. In particular, if we denote
pmax = max (pi ),
1≤i≤m

pi log pi ,

(1)

where the unit for I is a bit or baud corresponding to
base 2 or e in the logarithm. Without loss of generality,
we shall choose base e.

1≤i≤m

then
lim I R
q→−∞ q
lim I R
q→∞ q

i=1

pmin = min (pi ),

= − log(pmin ),

= − log(pmax ).

Albeit simple, Shannon and Renyi entropies have
been found to be able to readily detect postural instability 1–2 weeks post-concussion, and thus are very
promising for clinical applications. For more details,
we refer to [24].
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4 Dynamical entropies and information flow
In the previous section, we discussed Shannon and
Renyi entropies in a physical space. Now we discuss
dynamical entropies and information flow in a phase
space. To set up a proper stage to consider information
flow, a few words about the concept of phase space
will be helpful. For simplicity, let us consider a system
with two state variables, X1 and X2 . When monitoring the motion of the system in time, one can plot out
the waveforms for X1 (t) and X2 (t). Alternatively, one
can monitor the trajectory defined by (X1 (t), X2 (t)),
where the time, t, appears as an implicit parameter.
The space spanned by X1 and X2 is called the phase
space (or state space).
The dimension of the phase space is the number of
degrees of freedom of the system. When the system
is modeled by partial differential equations (PDEs)
or stochastic differential equations, the dimension of
the phase space is infinite. However, the dimension
of the attractor of the dynamics could still be quite
low, even if the phase space is infinite-dimensional. In
fact, irrespective of the dimension of the phase space,
a stable fixed point has dimension zero, a limit cycle
has dimension one, and low-dimensional chaos, whose
motion appears random because of exponential divergence in the phase space, drt ∼ dr0 eλ1 t , where dr0 is
the initial small separation between two nearby orbits,
drt is the distance between them at time t, and λ1 > 0
is the largest positive Lyapunov exponent, also has a
small dimension.
In many biological applications, only available data
may be just a scalar time series. In such a situation,
one can reconstruct a phase space using the following
time-delay embedding [25–27]:


Vi = x(i), x(i + L), . . . , x(i + (m − 1)L) ,
(3)
where {x(i), i = 1, 2, . . .} is the time series, m and L
are the embedding dimension and the delay time, respectively. For a stochastic process, which is infinitedimensional, the primary role of embedding is to
transform a self-affine stochastic process (e.g., the
units of the two axes are different) to a self-similar
process in a phase space. Therefore, specific values
of m and L are not important, so long as m > 1. In
fact, often, m = 2 may best resolve the scaling behavior from a finite time series. For a chaotic time series,
the issue of embedding becomes more challenging—
both m and L have to be chosen optimally. While there
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are many methods to determine L (see, for example,
Sect. 13.1.3 of [15]), basically there are only two kinds
of methods to systematically determine both m and L.
One type is geometrical, called the false nearest neighbor method [28, 29]. The other is dynamical, based on
a quantification of the smoothness of the reconstructed
dynamics [30, 31]. The values of m and L given by the
two algorithms are quite consistent.
In the following, we assume a proper phase space
has been set up based on available data.
4.1 General considerations on information flow in a
phase space
Extending our discussions in Sect. 2 to calculate the
entropy of the motion of a dynamical system, we partition the phase space into small boxes of size ε, compute the probability pi that box i is visited by the trajectory, and finally calculate Shannon entropy using
(1). For many systems, when ε → 0, information linearly increases with time [32]:
I (ε, t) = I0 + Kt,

(4)

where I0 is the initial entropy and K is the Kolmogorov–Sinai (KS) entropy (to be more precisely defined
shortly). Suppose that the system is initially in a particular region of the phase space, and that all initial
probabilities are zero except the corresponding probability for that region, which is 1. Therefore, I0 = 0.
We now consider three cases of dynamical systems (i) deterministic, nonchaotic, (ii) deterministic,
chaotic, and (iii) random. For case (i), during the
time evolution of the system, phase trajectories remain
close together. After a time T , nearby phase points are
still close to each other, and can be grouped into some
other small region of the phase space. Therefore, there
is no change in information. For case (ii), due to exponential divergence, the number of phase spaceregion
+
available to the system after a time T is N ∝ e( λ )T ,
where λ+ are positive Lyapunov exponents. Assuming that all of these regions are equally likely, then
pi (T ) ∼ 1/N , and the information function becomes
I (T ) = −

N


pi (T ) ln pi (T ) =



λ+ T .

(5)

i=1


Therefore, K = λ+ . More generally, if these phase
space regions are not visited with equal probability,
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then
K≤



The KS entropy can be extended to order-q Renyi entropies:

λ+ .

(6)

Grassberger and Procaccia [10], however, suggest that
equality usually holds. Finally, for case (iii), we can
easily envision that after a short time, the entire phase
space may be visited. Therefore, I ∼ ln N . When
N → ∞, we have K = ∞.
4.2 Basic definitions of entropies
Consider a dynamical system with F degrees of freedom. Suppose that the F -dimensional phase space is
partitioned into boxes of size ε F . Suppose that there is
an attractor in phase space and consider a transientfree trajectory x(t). The state of the system is now
measured at intervals of time τ . Let p(i1 , i2 , . . . , id )
be the joint probability that x(t = τ ) is in box i1 ,
x(t = 2τ ) is in box i2 , . . . , and x(t = dτ ) is in box
id . We now can use (1) to compute the block entropy,


Hd (ε, τ ) = −

p(i1 , . . . , id ) ln p(i1 , . . . , id ). (7)

i1 ,...,id

It is on the order of dτ K; then we take the difference between Hd+1 (ε, τ ) and Hd (ε, τ ), and normalize
it by τ ,

1
hd (ε, τ ) = Hd+1 (ε, τ ) − Hd (ε, τ ) .
τ

Kq = − lim lim lim

τ →0 ε→0 d→∞

p q (i1 , . . . , id )

(12)

i1 ,...,id

when q → 1, Kq → K. In the case of unequal probabilities, Renyi entropy of order-q is a non-increasing
function of q.
4.3 Numerical computations
There are three interesting ways to calculate the KS
entropy from a time series. One is to first estimate
all the positive Lyapunov exponents, and then use the
summation of these exponents to estimate the KS entropy. Alternatively, one can estimate K by approximating the probabilities p(i1 , . . . , im ), as proposed
by Cohen and Procaccia [34] and Eckmann and Ruelle [35]. Let the length of a time series be N , and
let the m-dimensional embedding vectors based on (3)
(m)
be explicitly denoted by Vi . For ease of presenta(m)
tion, assume the delay time to be 1. Let ni (ε) be the
(m)
(m)
(m)
number of vectors Vj satisfying Vj − Vi  ≤ ε.
Cohen and Procaccia [34] noted that
(m)

(8)



× ln

1 1
dτ q − 1

Ci

(m)

(ε) = ni /(N − m + 1)

approximates the probability p(i1 , . . . , im ) for boxes
of size 2ε. They then proposed to estimate Hm (ε) by

Let
h(ε, τ ) = lim hd (ε, τ ).
d→∞

(9)

It is called the (ε, τ )-entropy [33]. When τ is fixed,
such as taken as the sampling time, it may be written as h(ε). Taking proper limits in (9), we obtain the
Kolmogorov–Sinai entropy,
K = lim lim h(ε, τ )

1
Hd+1 (ε, τ ) − Hd (ε, τ )
τ →0 ε→0 d→∞ τ
1
= − lim lim lim
τ →0 ε→0 d→∞ dτ

×
p(i1 , . . . , id ) ln p(i1 , . . . , id ).
i1 ,...,id


1
ln Ci(m) .
N −m+1

(13)

i

Then

1
Hm+1 (ε) − Hm (ε) ,
m→∞ δt

h(ε, τ ) = lim

(14)

where δt is the sampling time, and

τ →0 ε→0

= lim lim lim

Hm (ε) = −

(10)

K = lim lim h(ε, τ ).

(15)

τ →0 ε→0

Note that with the delay time L = 1, when the maximum norm,
(11)

(m)

Vj

(m)

− Vi

=

max

0≤k≤m−1

x(i + k) − x(j + k) ,
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is used, Hm+1 (ε) − Hm (ε) is the logarithm of the conditional probability
x(i + m) − x(j + m) ≤ ε,
given that
x(i + k) − x(j + k) ≤ ε,

k = 0, 1, . . . , m − 1

averaged over i. Therefore, the maximum norm may
simplify numerical computations, especially when
data are random without correlations. Also note that
when h(ε, τ ) is evaluated at a fixed finite scale ε̂, the
resulting entropy is called the approximate entropy
ApEn [1].
The third method is to approximate K by estimating the correlation entropy K2 (i.e., Renyi entropy
of order 2) using the Grassberger–Procaccia’s algorithm [10]:
ln C (m) (ε) − ln C (m+1) (ε)
,
m→∞
Lδt

K2 (ε) = lim

(16)

where δt is the sampling time, C (m) (ε) is the correlation integral based on the m-dimensional reconstructed vectors Vi and Vj ,
C (m) (ε) = lim

Nv →∞

×

2
Nv (Nv − 1)

N
v −1

Nv


H ε − Vi − Vj  ,

(17)

i=1 j =i+1

where Nv = N − (m − 1)L is the number of reconstructed vectors, H (y) is the Heaviside function
(1 if y ≥ 0 and 0 if y < 0). C (m+1) (ε) can be computed similarly based on the m + 1-dimensional reconstructed vectors. When we evaluate K2 (ε) at a
finite fixed scale ε̂, we obtain the sample entropy
SampEn [7].
Three comments are in order: (1) KS entropy is the
limit of (ε, τ )-entropy or h(ε); (2) both h(ε) and the
correlation entropy K2 (ε) are functions of the scale
parameter ε; (3) ApEn and SampEn, being h(ε) and
K2 (ε) evaluated at a fixed ε (such as 15% or 20% of
the standard deviation (STD) of the data), are special
cases. To avoid using too many different terms, in the
following, we may also denote h(ε) by ApEn(ε), and
K2 (ε) by SampEn(ε)—explicit dependence of ApEn
and SampEn on ε emphasizes that they are functionals

of the scale parameter ε rather than a single number—
the latter may be denoted as ApEn(15% STD), SampEn(15% STD), etc.
To better appreciate the scalings for ApEn and
SampEn, it is helpful to consider a sequence of independent identically distributed (IID) random variables (RVs). When one uses maximum norm, in the
case of SampEn, C (m) (ε) amounts to the probability
that |xi+k − xj +k | ≤ ε, k = 1, . . . , m. Let z = |u − v|,
where u, v are IID RVs having the same distribution as
x, we can readily obtain the probability density function p(z) for z. Then
 ε
m
(m)
p(z) dz
(18)
C (ε) =
0

and
K2 (ε) = ln C (m) (ε) − ln C (m+1) (ε)
 ε

= − ln
p(z) dz .

(19)

0

In the case of IID RVs uniformly distributed in the unit
interval, p(z) = 2(1 − z), 0 ≤ z ≤ 1. Then
K2 (ε) ∼ − ln ε.

(20)

It is clear that the same scaling should also characterize ApEn. Therefore, theoretically, ApEn(ε) and
SampEn(ε) are equivalent. The major difference between them is in the computations. An example is
shown in Fig. 2(a), where we observe that the scaling
for ApEn(ε) is much shorter than that for SampEn(ε).
Almost identical results can be obtained with Gaussian white noise, and similar inferiority of ApEn(ε)
to SampEn(ε) is also true for EEG data, as shown in
Fig. 2(b). Therefore, ApEn(ε) has to be considered
worse than SampEn(ε). It is thus fortunate that MSE,
a popular method for coping with the complexities of
biological data, is based on SampEn, not ApEn. MSE
is SampEn computed from the original and the filtered
data whose length is 1/bs that of the original data,
where bs is the parameter for nonoverlapping moving
average. In [36], we have derived, for time series with
long memory, a fundamental biscaling law of MSE,
one for the scale ε in phase space, the other for the
block size bs used for smoothing. The biscaling law
of MSE indicates that so far as the fractal property is
concerned, direct fractal analysis would be more advantageous than computing MSE.
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Fig. 2 ApEn, SampEn, and
SDLE for (a) 1000 uniform
RVs and (b) a normal EEG
signal. The scale ε is
normalized by the standard
deviation of the original
data

5 Understanding information flow through
ensemble forecasting
5.1 General considerations
Ensemble forecasting has been commonly employed
by the major operational weather prediction facilities
worldwide. Its most basic form consists of conducting multiple numerical predictions using slightly different initial conditions that are all plausible given the
past and current set of observations, or measurements.
When a dynamical system is chaotic, the information
contained in the initial conditions will be rapidly lost
as the system evolves. An example is shown in Fig. 3
for the Lorenz ’63 system [37]:
dx/dt = −10(x − y),
dy/dt = −xz + 28x − y,

0

Another interesting way to quantify information
loss in ensemble forecasting is by relative entropy
[39–41]. Let {pi , i = 1, 2, . . .} be the probabilities associated with the forecast ensembles in the ith box and
{qi } be the invariant measure or the equilibrium distribution. The discrepancy between them can be quantified by the relative entropy defined by
 

pi
,
(24)
R=
pi ln
qi
i

(21)

8
dz/dt = xy − z,
3
where the initial ensembles, consisting of 2,500 normally distributed members, are indicated as pink. As
time goes by, this tight cluster quickly spreads, yielding the red, green, and blue regions at t = 2, 4, and 6,
respectively.
The ensemble forecasting point of view can help
deepen our understanding of various types of entropies. For this purpose, we first note that in ergodic
systems, the operation d → ∞ in (9) may be replaced
by ensemble average. This means that in general, the
rate of creation of new information, or the temporal derivative of Shannon entropy I , can be described
by [38]
dI (εt )/dt = h(εt ),

where ε is written as εt to emphasize that in the case
of finite scales, the size of the ensembles is a function
of time. Alternatively, we have
 t
I (εt ) = I0 +
h(εt ) dt.
(23)

(22)

which is always nonnegative and is zero if and only if
the two distributions are the same.
The major result we can prove for the relative entropy is the following equation:
 t
R(t) = Imax −
h(εt ) dt
(25)
0

where Imax is the maximal prior information available
to the system with a partition using boxes of size ε0 .
The proof, while being tremendously helpful for understanding, may be difficult for some readers on a
read. Therefore, it is left to the Appendix. Since
first
t
h(ε
t ) dt is the major term that appears in both (23)
0
and (25), we see that the Shannon entropy and the
relative entropy approaches are essentially equivalent.
More importantly, we observe that in order to compute I (t) or R(t), we need to know the scaling law of
h(εt ), as well as the temporal evolution of ε. To bring
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Fig. 3 (Color online)
Ensemble forecasting in the
chaotic Lorenz system:
2,500 ensemble members,
initially represented by the
pink color, evolve to those
represented by the red,
green, and blue colors at
t = 2, 4, and 6 units

a satisfactory closure to this issue, we need the concept
of scale-dependent Lyapunov exponent (SDLE) which
we discuss in the next subsection.

points (Vi , Vj ) within a shell and take average. Equation (26) can now be written as
λ(εt ) =

5.2 Quantifying ensemble forecasting using SDLE
SDLE is defined in a phase space through consideration of an ensemble of trajectories. Denote the initial separation between two nearby trajectories by ε0 ,
and their average separation at time t and t + t by
εt and εt+t , respectively. The SDLE λ(εt ) is defined
through equations [15, 16]
εt+t = εt eλ(εt )t ,

or λ(εt ) =

ln εt+t − ln εt
.
t
(26)

Equivalently, we have a differential equation for εt ,
dεt
= λ(εt )εt ,
dt

or

d ln εt
= λ(εt ).
dt

(27)

To compute SDLE, we can start from an arbitrary
number of shells,
εk ≤ Vi − Vj  ≤ εk + εk ,

k = 1, 2, 3, . . . ,

(28)

where Vi , Vj are reconstructed vectors, εk (the radius
of the shell) and εk (the width of the shell) are arbitrarily chosen small distances (εk is not necessarily a
constant). Then we monitor the evolution of all pairs of

ln Vi+t+t − Vj +t+t  − ln Vi+t − Vj +t 
,
t
(29)

where t and t are integers in unit of the sampling
time, and the angle brackets denote average within a
shell. For chaotic systems, a simple condition,
|i − j | > W,

(30)

where W is a threshold value on the order of the embedding window size, (m − 1)L, needs to be imposed
to ensure that vectors Vj are along the most unstable direction, instead of the tangential direction, of Vi .
However, such a condition is not needed when the dynamics of a biological system are largely random. In
fact, in those situations, it is useful to consider two
types of SDLE, which may be called 1-step SDLE
and steady-state SDLE. The 1-step SDLE is simply
the SDLE computed with t = 1 for the series of shells.
The steady-state SDLE are the SDLE curves properly
converged—while inequality (30) is often sufficient,
when data is very random, t > 1 may already be adequate.
SDLE has distinctive scaling laws for different
types of time series. We list three here:
(1) For clean chaos on small scales, and noisy chaos
with weak noise on intermediate scales,
λ(ε) = λ1 ,

(31)
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where λ1 is the largest positive Lyapunov exponent.
(2) For clean chaos on large scales where memory has
been lost and for noisy chaos (including noiseinduced chaos [42–44]) on small scales,
λ(ε) ∼ −γ ln ε,

(32)

where γ > 0 is a parameter, controlling the speed
of loss of information.
(3) For random 1/f 2H +1 processes, where 0 < H < 1
is called the Hurst parameter which characterizes
the correlation structure of the process: depending on whether H is smaller than, equal to, or
larger than 1/2, the process is said to have antipersistent, short-range, or persistent long-range
correlations [15, 45],
λ(ε) ∼ ε −1/H .

(33)

To better understand the above scaling laws, let us
derive (32) for IID RVs. Using the maximum norm,
it is easy to see that if the initial separation of two
nearby trajectories is ε, at the next time step, the separation will be close to the mean of the random variable Z used for deriving (20). Therefore, (32) holds
with γ = 1. The 1-step and steady-state SDLE curves
for the uniform RVs and EEG data of Fig. 2 are also
shown there. We observe that for noise, the scaling
range for the steady-state SDLE is much shorter than
that of the 1-step SDLE and that the value of the
steady-state SDLE is close to zero. We also note that
the 1-step SDLE contains all the essential information
of SampEn—in fact, its scaling behavior is even better
than SampEn, since the SDLE curve is smoother than
that for SampEn.
5.3 Integral form of SDLE for characterizing
biosignals
Now that we have found the connection among different entropy measures, we can safely conclude that
the more suitable entropy forms to use in practice
are K2 (ε) and SDLE. The latter has a few additional
features that make it more advantageous than other
entropy measures. The most important of such features is scale-separation: the regular (e.g., periodic
or quasiperiodic) aspects of the dynamics only contribute to the structure of SDLE around the characteristic scales ε∞ , which are the scales where SDLE is

close to zero, therefore, the major scalings of (31)–
(33) will largely be intact if a physiological data contain a significant rhythmic component—in fact, this is
the very mechanism that SDLE can readily deal with
nonstationarity and detect intermittent chaos [15, 46–
49]. Because of scale-separation, one can often readily extract a few important parameters from SDLE to
solve a practical problem. This is not feasible with
other entropy measures.
To extract useful parameters to characterize a complex signal, it is often convenient to use an integral
form of SDLE:
 t
λ(εt ) dt.
(34)
ln εt = ln ε0 +
0

Clearly, (34) parallels (23) and (25). More importantly,
(34) brings a closure to information flow characterized
by (23) and (25)–(34) gives the critical information on
how the scale ε evolves with time. In fact, for random
data or chaotic systems with only one positive Lyapunov exponent, ln εt plays the role of the information
content I described by (23)—this can be better appreciated if one reexamines Fig. 2(a).
To better appreciate the significance of (34), let
us demonstrate how dynamical features derived from
SDLE can facilitate accurate detection of epileptic
seizures from EEG, which was briefly described in
Sect. 2. For ease of comparison with the results of [18],
we shall work on the same data sets.
Figure 4 shows three ln εt vs. t curves, belonging
to the groups H, E, and S, respectively. Noting that
ln ε∞ plays the role of Imax —the larger it is, the more
information an EEG signal has, we can conclude that
seizure EEG has the richest information.
For the purpose of detecting epileptic seizures, besides ln ε∞ , many other features can be derived from
SDLE. We discuss two more here. One is the slope
of ln εt in the increasing part of the curve. Noting
that local slopes of the curve is the very SDLE, therefore, this is the SDLE averaged across the scale. For
convenience, we may choose the part of the curve
from t = 1–20. Re-examining Fig. 2(b), we see that
this slope may be interpreted as the approximate entropy (or sample entropy) averaged over a wide range
of scales (i.e., y-axis of the curve) where dynamical
evolution is vigorous. This slope may be denoted as
SDLEs .
The other feature we wish to explore is the parameter “Dip” schematically indicated in Fig. 4. It occurs
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Fig. 4 Typical ln εt vs. t curves for three types of EEG data: H
denotes EEG segment from a healthy subject, E denotes EEG
segment from a epileptic subject during a seizure-free interval,
while S denotes EEG segment from an epileptic subject during
seizure

at multiples of the delay time for the embedding, i.e.,
at t = L, 2L, . . . (especially at t = L) [50] and can be
used to estimate measurement noise [51]. It can be estimated as
1
Dip = (ln εL−2 + ln εL+2 ) − ln εL .
2

(35)

The reason we have chosen εL±2 instead of εL±1 is
that εt may still be dipped at t = L ± 1. In the following discussion, we have chosen L = 5 for the embedding. It turns out the results presented below do not depend much on the specific choice of L, so far as L = 1
(when L = 2, (35) may be modified accordingly). It is
clear that this is also a dynamical quantity. Note that
although Dip is very small for S and E in Fig. 4, for
some data sets of S and E, Dip could be large, if those
data were contaminated by noise.
How well can the parameters ln ε∞ and Dip separate the three EEG groups? It is shown in Fig. 5(a).
We observe that the three groups almost completely
separate. This means that with just these two parameters, the classification accuracy of these three groups
can already be very high. For example, if one uses
the dashed straight line for separating group S from
groups (E, H), then the positive detection rate is 98%,
while false detection rate is 0.5%, since there are only
two red stars and one green square to the left and right
of the line, respectively. If one slightly pushes the line
to the left, then detection accuracy can be 100%, while
false detection rate only increases slightly. The separation of the groups E and H is also very good, except

that now a linear classification scheme is not sufficient.
Obviously, a neural network type tool can play a significant role here.
It turns out ln ε∞ and SDLEs can be similarly effective in classifying the three groups, as shown in
Fig. 5(b). More interestingly, we observe that the circles for the group H are basically above the squares for
the group E in Fig. 5(a), but are below the squares in
Fig. 5(b). This means SDLEs and Dip are fully complement for the purpose of separating the groups H and
E. Therefore, if we use all these three parameters, the
classification will be more robust and has even higher
accuracy.

6 Concluding discussions
Entropy measures have played, and will be playing
leading roles in the analyses of biological signals. To
expedite progress of many ongoing exciting researches
in biology using entropies and stimulate new ones, in
this paper, we have carefully examined the connections among the major dynamical entropy measures.
We have found that h(ε, τ ) and K2 (ε) are fundamental: when ε is fixed, they are reduced to ApEn and
SampEn, respectively; when proper limit is taken (i.e.,
both ε and τ → 0), they yield the KS entropy. More
importantly, by introducing an ensemble forecasting
framework and carefully considering the scaling behavior of the entropies, we have found that various
dynamical entropies are connected to the information
content of the system through integral relations.
We can now answer all the motivating questions
raised in Sect. 1:
• The scaling behavior of ApEn(ε) is worse than
that of SampEn(ε), as shown in Fig. 2, therefore,
SampEn(ε) should always be chosen over ApEn(ε).
• The computation of SDLE is simpler than that of
SampEn(ε) or ApEn(ε), since only one embedding
is needed for computing SDLE, but two (i.e., with
embedding dimension m and m + 1) are needed
for computing SampEn(ε) or ApEn(ε). Therefore,
when data length is limited, SDLE would be preferred.
• While computationally the simplest, the scaling
laws for SDLE are the richest. In fact, commonly
used complexity measures, including various types
of entropies, can be obtained from SDLE by choosing specific ε [19]. More importantly, due to the
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Fig. 5 Epileptic seizure detection using different features, (a) ln ε∞ and the “Dip” parameter, (b) ln ε∞ and the slope parameter
SDLEs

unique scale-separation property, SDLE can aptly
deal with nonstationarity and characterize highdimensional as well as intermittent chaos [15, 46–
49]. Therefore, SDLE can often be the first choice
in exploratory studies.
At this point, we would like to emphasize that
there exist entropy measures that do not depend on the
scale parameter. Such measures include permutation
entropy [12] and lempel-Ziv complexity [13, 14]. Interestingly, they amount to steady-state SDLE evaluated on small scales [19]. Also, note that the biscaling
law for MSE of fractal time series derived in [36] indicates that whenever the Hurst parameter H is of key
importance, direct fractal analysis would be more advantageous than computing MSE.
Finally, let us resolve whether an entropy value can
be equated to the complexity level of a biological system. We show here that a simple positive answer is
not always obtainable. An example is shown in Fig. 6
for the steady-state SDLE curves for a normal and a
seizure EEG data set. We observe that the two curves
cross at a specific scale ε ∗ —when ε < ε ∗ , the SDLE
for the seizure EEG is smaller than that of normal
EEG; when ε > ε ∗ , the opposite is true. The equivalence of SDLE and SampEn (see Fig. 2(b)) makes it
clear that such a crossover behavior also exists if SampEn is used instead of SDLE. Can we say that normal
EEG is more complex than seizure EEG, or vice versa?
Clearly, there is no simple answer to such a question.

Fig. 6 Steady-state SDLE curves for normal and seizure EEG
data. The scale ε is normalized by the standard deviation of the
corresponding EEG data

In fact, without explicitly referring to the scale parameter, the issue is meaningless.
Most entropy metrics discussed here measure the
randomness of the data, and thus are called deterministic complexity measures [15]. Is it possible to construct a structural complexity measure, which is maximized for neither high nor low randomness? The answer is positive. It is the steady-state SDLE. As shown
in Fig. 2(a), the value of the steady-state SDLE and
its scaling range are both close to zero. This means
IID RVs, or more general, purely random data have
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very low SDLE. For regular data, SDLE will always
be close to zero. Therefore, the steady-state SDLE will
be minimized for both purely random and regular data.
This is the very essential ingredient of structural complexity. This issue will be an interesting future direction to pursue.

Appendix: Evolution of relative entropy
To prove (25), let us focus on the evolution of one particular ensemble occupying a space of size ε0 that is
around one of the chosen initial conditions, x(i). Denote it by Ensemble(i). We can partition the phase
space with boxes of size ε0 to include Ensemble(i)
in one single box i. With this setting, pk = 1 only
when k = i and zero elsewhere. Therefore, initially,
for Ensemble(i), the relative entropy is
R (i) (t = 0) = − ln qi ,

(36)

where for clarity, the superscript (i) in the relative entropy is used to indicate that this is for Ensemble(i). At
time τ , Ensemble(i) will have evolved into a different
region in phase space, with some directions expanded
and some others shrunk. If the dynamics are complicated, it will then occupy a number of boxes that are
used to partition the phase space. For ease of presentation, we consider two cases of ε0 : infinitesimal
and finite. Let us first consider the case of infinitesimal ε0 . For chaotic systems, assume that the dynamics
of the system around x(i) have J positive local Lya(i)
(i)
(i)
punov exponents, λ1 ≥ λ2 ≥ · · · ≥ λJ > 0, where
the superscript i is used to indicate that these Lyapunov exponents are local Lyapunov exponents near
x(i). Edges along the J Lyapunov directions should
have expanded. The size of the ensemble now be(i)
(i)
comes ετ = ε0 eλ1 τ , where λ1 is the largest positive
local Lyapunov exponent, and the number of phase
space boxes N available to Ensemble(i) becomes N ∝


(i)

(i)

e( j λj )τ or equivalently, eK τ , where K (i) is the
summation of the J local positive Lyapunov exponents and may be called local KS entropy. In the case
that the invariant measure is smooth on its support,
then so long as ετ is small, we may assume that the
phase space regions available to Ensemble(i) at time
τ are equally likely. Indexing the boxes covering these

regions by l = 1, 2, . . . , then the relative entropy becomes

(τ )
ln qil − K (i) τ,
(37)
R (i) (t = τ ) = −
l
(τ )

where we have used qil to denote the invariant measure in phase space regions available to Ensemble(i)
at time τ .
Next, we consider the case of finite ε0 . Following
the argument leading to (22), we readily see that (37)
should be replaced by
R (i) (t = τ ) = −



(τ )

ln qil − h(ετ )(i) τ,

(38)

l

where h(ετ )(i) = h(ετ , τ )(i) is identified as the local
(ε, τ )-entropy pertinent to Ensemble(i) at time τ .
We now consider a collection of ensembles. Loss
of information in each ensemble may be described by
(36)–(38). Averaging over all the ensembles, and assuming that initial conditions represent the invariant

(τ )
measure so that both − ln qi and − l ln qil are
equal to the maximal prior information, Imax , available to the system with a partition using boxes of size
ε0 , we arrive at (25).
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