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Abstract. Two types of pathological tremors, essential
and Parkinsonian, are studied using dynamical systems
theory. It is shown that pathological tremors can be
characterized as diﬀusional processes. The time-scale
range for the diﬀusional scaling law to be valid starts
from about one to several tens of the mean oscillation
period. This time-scale range contrasts sharply with
the predictable time scale for deterministic chaos,
which is usually only a small fraction of the mean
oscillation period. The diﬀusions in pathological
tremors are usually anomalous. A number of quantities are designed to characterize the diﬀusions in the
tremor. Their relevance to potential clinical applications is discussed. It is argued that in order to
discriminate between Parkinsonian and essential tremors, quantities not of purely dynamical origin may be
more useful, since purely dynamical quantities emphasize more the dynamical similarities between the two
types of tremors.

1 Introduction
Tremor denotes an involuntary, approximately rhythmic, and roughly sinusoidal movement of parts of the
body (Elble and Koller 1990). Broadly speaking, there
are two classes of tremors: normal and pathological.
The latter of course also contains many diﬀerent types
such as task- and position-speciﬁc tremors, and
Holmes’ tremor. For a classiﬁcation of tremors based
on clinical assessment, we refer to Deuschl et al.
(1998).
Pathological tremors result from disorders of the
central nervous system and peripheral nervous system
(see Bock and Wenderoth 1999; Wenderoth and Bock
1999; and references therein). Among the many types of
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pathological tremors, the two most common are essential and Parkinsonian tremors. Usually, they exhibit a
nonlinear oscillation. The oscillation is, however, only
roughly periodic. While the frequency of the oscillation
is relatively ﬁxed, the amplitude and shape of tremor can
have wide ﬂuctuations (Gresty and Buckwell 1990).
Using a number of techniques from nonlinear dynamics
theory, including analyses of Lyapunov exponents,
deterministic versus stochastic plots, and the d
method, Timmer et al. (2000) carefully studied several
high-quality essential and Parkinsonian tremor data.
They suggest that the deviation from periodicity is not
due to deterministic chaotic dynamics; rather, it is due to
nonlinear stochastic dynamics. By studying the stochastically driven van der Pol oscillator, they further suggest that second-order stochastic processes may be
suﬃcient for the modeling of essential and Parkinsonian
tremors. While their claim that dynamic noise is an
important element of pathological tremor dynamics is
persuasive, a number of questions remain to be
answered. In light of dynamical systems theory, one of
the most important questions is: Does any scaling law
exist for pathological tremors?
An important feature of the stochastically driven van
der Pol oscillator is that phase points near the underlying deterministic limit cycle execute a Brownian motionlike diﬀusional process (Gao 1997). Hence, we speciﬁcally ask: Can pathological tremors also be described as
certain type of diﬀusional processes? If the answer is yes,
we can further ask: In terms of scaling laws, are these
diﬀusional processes of the same nature among diﬀerent
types of pathological tremors, and are they similar to
that of the stochastic van der Pol oscillator?
Another important question to be answered is how
complex the tremor dynamics is. Along this line, one can
ask if chaos is relevant to the dynamics of pathological
tremors. A formal description of the problem is as follows. Suppose a pathological tremor can be described by
an equation
dx
¼ fðx; pÞ þ gðtÞ ;
dt

ð1Þ
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where x denotes an n-dimensional state vector, p denotes
an s-dimensional parameter vector, and gðtÞ represents
the stochastic forcing. We ask: Can the (unrealistic)
clean system (corresponding to gðtÞ ¼ 0) be chaotic? If
the answer is no, then we can be satisﬁed that the
dynamics underlying pathological tremors is indeed
simple. Note that a deﬁnitive answer to this question is
not easy to obtain, since deterministic chaotic signals
generated from certain chaotic attractors such as the
Rossler attractor (Rossler 1976) may contain sharp
spectral peaks.
The rest of the paper is organized as follows. In
Sect. 2, we brieﬂy describe the tremor data used in the
paper. In Sect. 3, we describe the methodology for and
the results of the analyses of pathological tremors
studied here. Conclusions and discussions are in Sect. 4.
2 Data

dx=dt ¼ y þ D1 g1 ðtÞ;
dy=dt ¼ ðx2  1Þy  x þ D2 g2 ðtÞ ;

ð2Þ

with hgi ðtÞi ¼ 0, hgi ðtÞgj ðt0 Þi ¼ dij dðt  t0 Þ, i; j ¼ 1; 2. We
have simply employed an Euler scheme. When
D1 ¼ D2 ¼ 0 (i.e., the system is deterministic), the Euler
scheme has an error Oðdt2 Þ, where dt is the integration
time step. Due to noise, we have additional terms
dti=2 g1;2 ðtÞ, i ¼ 1; 2; 3; . . .. To ensure that the numerical
scheme adopted is consistent and the error is Oðdt2 Þ, we
keep three terms involving the dynamic noise:
dti=2 g1;2 ðtÞ, i ¼ 1; 2; 3. For more details, we refer to
Mannella and Palleschi (1989). Note that in Timmer
et al. (2000) D1 is set to zero, and only one term
involving the dynamic noise, dt1=2 g2 ðtÞ, is included.
3 Analyses of pathological tremors

We analyze the same pathological tremor data sets as
those studied by Timmer et al. (2000). The data are
available at http://phyq5.physik.uni-freiburg.de/ jeti/
path_tremor. There are ten data sets altogether: ﬁve
each for essential tremor and parkinsonian tremor. They
are denoted as et01.dat, et02.dat,. . ., park01.dat, etc.
These data are recordings of the acceleration of the hand
measured by piezoresistive accelerometers attached to
the dorsum of the out-stretched hand. For convenience,
the data were normalized to zero mean and unit variance
by Timmer et al. (2000), thus the unit for the data is not
readily obtainable. The sampling rate for et01.dat is 300
Hz, while it is 1000 Hz for other nine data sets. There are
10240 points for et01.dat, and 30000 points for all other
data sets. The et05.dat and park01.dat data sets have
been analyzed in Timmer et al. (2000), where a short
segment of these two data sets, together with their
spectra, can be found. To better appreciate the wide
variations of the amplitude of the data, we have plotted
in Fig. 1 the whole time series of et05.dat. This ﬁgure
will help us deﬁne the ﬂuctuation of the amplitude later.
To compare the pathological tremor time series with
the stochastically driven van der Pol oscillator, we also
study the latter. It is described by

We analyze the pathological tremor data by computing
the so-called time-dependent exponent KðkÞ curves (Gao
and Zheng 1993, 1994a,b) and logarithmic displacement
curves (Gao 1997). The methods have recently been
successfully used to study the eﬀects of spontaneous
emission noise on the nonlinear dynamics of an optically
injected semiconductor laser (Gao et al. 1999a) and
noise-induced chaos (Gao et al. 1999b; Hwang et al.
2000). For a recent review, we refer to Gao et al. (1999c).
To make this paper self-contained, we brieﬂy describe
the computational procedure.
Given a scalar time series, xð1Þ; xð2Þ; . . . ; xðN Þ, we ﬁrst
use the time-delay embedding technique (Packard et al.
1980; Takens 1981) to construct the vectors of the form:
Xi ¼ ðxðiÞ; xði þ LÞ; . . . ; xði þ ðm  1ÞLÞÞ, with m being
the embedding dimension and L the delay time. Figure 2
shows a 2-D phase diagram for et05.dat. Similar phase
diagrams can also be found in Timmer et al. (2000) and
Gao et al. (1999). For convenience of deﬁning a geometrical quantity (e.g., the diﬀusion width, which will be
described later), we have schematically plotted a narrow
box in dashed lines in the ﬁgure. For the analysis of
purely chaotic signals, m and L have to be chosen
properly. This is the issue of optimal embedding (see
Gao and Zheng 1993, 1994b; and references therein).
Mathematically speaking, optimal embedding is not

Fig. 1. The entire time series of data set et05.dat

Fig. 2. Phase diagram for et05.dat. In units of the sampling points,
L ¼ 50. A squeezed box is also shown by the dashed lines

265
Table 1. Shown are various parameters for the essential tremor
data. T is the period, in units of sampling points; L is the delay time
for constructing the embedding space, also in units of sampling
points. a1 denotes the ﬁrst diﬀusion exponent, while Interval_1
denotes the corresponding scaling region. When the second scaling

region exists, the diﬀusion exponent and its scaling region are denoted by a2 and Interval_2, respectively. DIFFUwidth denotes the
width of the diﬀusion, while AMPﬂuc denotes the ﬂuctuation of the
amplitude

Data

et01

et02

et03

et04

et05

T
L
L/T
a1
Interval_1
a2
Interval_2
DIFFUwidth
AMPﬂuc

54
13
0.241
0.63 ± 0.005
1:1–8:0T

231
57
0.247
0.63 ± 0.013
0:6–2:6T

185
40
0.216
0.60 ± 0.007
0:65–6:0T

233
50
0.215
0.72 ± 0.004
1:0–9:1T

0.19
0.17

0.09
0.09

186
50
0.269
0.41 ± 0.004
1:1–7:4T
0.59 ± 0.003
10:3–31:6T
0.11
0.11

0.44
0.34

0.20
0.19

Table 2. Same as in Table 1, except now for the Parkinsonian tremor data
Data

park01

park02

park03

park04

park05

T
L
L/T
a1
Interval_1
a2
Interval_2
DIFFUwidth
AMPﬂuc

216
46
0.213
0.65 ± 0.005
1:0–10:0T

213
44
0.216
0.53 ± 0.007
1:1–5:5T
0.56 ± 0.008
9:3–17:0T
0.32
0.25

216
44
0.207
0.64 ± 0.01
1:1–3:5T

219
44
0.204
0.49 ± 0.003
1:0–10:0T
0.80 ± 0.01
14:0–25:1T
0.11
0.10

222
48
0.201
0.38 ± 0.008
1:4–8:1T
0.65 ± 0.01
9:9–20:3T
0.09
0.09

0.33
0.30

deﬁned for the analysis of noisy data, since noisy data is
inﬁnite-dimensional. For this reason, we have more or
less arbitrarily chosen m ¼ 4 for this study. We have
happily found, though, that the optimal delay parameter
obtained by the method of Gao and Zheng (1993,
1994b) is also optimal for the study of diﬀusional processes, in the sense that the error for the diﬀusion
exponent is minimal. In Tables 1 and 2 we have shown
the optimal L (in units of the sampling points) for all the
data sets. To make comparison of L with the (mean)
periods of the tremor data, we have also included the
latter in Tables 1 and 2. Note that in Timmer et al.
(2000), L ¼ 52 was used for et05.dat, while L ¼ 54 was
used for park01.dat. Hence, the L value for et05.dat in
this study is quite close to that used in Timmer et al.
(2000), while that for park01.dat is considerably smaller
than that in Timmer et al. (2000). To check whether the
ratio, L=T , could be of clinical importance, we have
simply computed this ratio and included it in Tables 1
and 2. Very interestingly, we note that L=T for Parkinsonian tremor is typically smaller than that for essential
tremor. Hence, this quantity might indeed be useful for
discriminating between essential and Parkinsonian
tremors. To establish or falsify this idea, a much larger
clinical dataset would be needed.
The time-dependent exponent KðkÞ curves are deﬁned
as (Gao and Zheng 1993, 1994a,b):
 

kXiþk  Xjþk k
ð3Þ
KðkÞ ¼ ln
kXi  Xj k

0.17
0.17

with r kXi  Xj k r þ Dr, where r and Dr are prescribed small distances. The angle brackets denote
ensemble averages of all possible pairs of ðXi ; Xj Þ. The
integer k, called the evolution time, corresponds to time
kdt, where dt is the sampling time. Geometrically
ðr; r þ DrÞ deﬁnes a shell, and a shell captures the notion
of scale. Computations are typically carried out for a
series of shells. One may wonder that it might be easier
to simply compute KðkÞ for kXi  Xj k r. Such (and
similar) approaches were indeed proposed by Rosenstein
et al. (1993) and Kantz (1994). To study the eﬀects of
both measurement and dynamic noise on chaotic
systems, shells are superior to balls, because noise
typically aﬀects the small-scale dynamics more than
the large-scale dynamics. For more details of these
distinctions, we refer to Gao et al. (1999c).
For clean, chaotic systems, the KðkÞ curves ﬁrst
increase linearly with k until some predictable time scale,
kp , (which corresponds to exponential divergence
between nearby trajectories), then ﬂattens (which corresponds to the divergence between nearby trajectories
reaching the whole attractor) (Gao 1997). When the
mean period of motion, T , can be deﬁned, on average,
folding has to have occurred at least once during one
cycle of the motion, hence kp is typically only a small
fraction of T . The linearly increasing parts of the KðkÞ
curves corresponding to diﬀerent shells collapse together
to form an envelope. This property forms a direct
dynamical test for deterministic chaos (Gao and Zheng
1994a,b), and enables an objective estimation of the

266

Fig. 3. Time-dependent exponent KðkÞ vs evolution time k curves for
et03.dat, where k is in units of the mean period of the motion. The ﬁve
curves, from bottom to top, correspond to shells ð2ðiþ1Þ=2 ; 2i=2 Þ with
i ¼ 8, 9, 10, 11, and 12. The embedding parameters are m ¼ 4 and
L ¼ 50

largest positive Lyapunov exponent (Gao et al. 1999c).
When the system is corrupted by either measurement or
dynamic noise, the linearly increasing parts of the KðkÞ
curves corresponding to small shells break themselves
away from the envelope. However, the ﬂat part of the
KðkÞ curves corresponding to k > kp is not altered by
either measurement or dynamic noise. The ﬂatness of the
KðkÞ curves for large k manifests the stableness of the
structure of a true chaotic attractor. This property forms
a necessary condition for us to assess whether the clean
pathological tremor dynamics is chaotic or not. Figure 3
shows an example of the KðkÞ curves for et03.dat, where
for convenience the evolution time is in units of the
mean period of the motion. Similar curves have been
found for all other data sets. First, we observe that for
small k, there exists no linearly increasing parts of the
KðkÞ curves. Secondly, the KðkÞ curves for small k do not
collapse together to form a linear envelope. The above
two statements may be made more quantitative as follows. First, for the small k segment of each KðkÞ curve,
one ﬁts a linear regression line. Then one estimates how
the actual KðkÞ curves deviate from the ﬁtted straight
lines, and how diﬀerent the slopes of the ﬁtted straight
lines are. In any sense, we can safely conclude that there
is no evidence of deterministic chaos in the tremor data.
This conclusion was also inferred by Timmer et al.
(2000). Next, we notice that KðkÞ is still not ﬂat for k as
large as several tens of the mean period of the motion.
This is evident if one compares the KðkÞ curves for large
k with a constant horizontal line. Hence, we conclude
that even the (unrealistic) clean pathological tremor
dynamics is not chaotic.
The nonﬂatness of the KðkÞ curves in Fig. 3 for large
k is an indication that the underlying dynamics of the
tremor oscillation is a diﬀusional process. To study
properties of diﬀusional processes, we compute the
logarithmic displacement curves. They are obtained by
rewriting (3) as (Gao 1997)
DðkÞ ¼ hln kXiþk  Xjþk ki ¼ hln kXi  Xj ki þ KðkÞ ;
ð4Þ
and plotting hln kXiþk  Xjþk ki as a function of the
evolution time k. For the stochastically driven van der

Fig. 4. a Log–log plot of the displacement curves for a 3 dimensional
random walk. b The local slopes. The three curves, from top to
bottom, correspond to shells ð2ðiþ1Þ=2 ; 2i=2 Þ with i ¼ 9, 10, and 11.
The unit for the evolution time k is simply the sampling points. 30 000
points were used in the computation

Pol oscillator, we have observed that for large k,
hln kXiþk  Xjþk ki  ln k a , with a ¼ 1=2 (Gao 1997). In
obtaining the exponent a, we used an awkward procedure by ﬁtting the curve hln kXiþk  Xjþk ki versus k.
With that method, while the estimation of a could still be
accurate, the determination of the scaling region is
problematic.
One may wish to use local slopes to establish the
scaling law and estimate the diﬀusion exponent a. To
check how useful this ideaPis, we consider a standard
Brownian motion, yðnÞ ¼ ni¼1 xðiÞ, where xðiÞ are independent and identically distributed Gaussian noise
with mean zero and a standard deviation of one. It is
easy to show that hyðnÞ2 i ¼ n, and hyðnÞ4 i ¼ 3n2 , where
the angle brackets denote ensemble averages. We embed
yðnÞ time series to 3-D to obtain a 3-D random walk.
Figure 4a shows the hkXiþk  Xjþk ki versus k curve on a
log–log scale. We observe the curve to be linear up to
around 1000 sampling points. (After k 1000, the
scaling breaks down, due to ﬁniteness of the data set.)
Figure 4b shows the local slopes. We do not observe any
good plateau, especially for k 50. The underlying
reason for this behavior is that each point on the curve is
proportional to ln n1=2 , as is the deviation of each point.
Hence, in a local slope plot, we observe small ﬂuctuations (around the plateau) for small n, and large ﬂuc-
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Fig. 5. Log–log plot of the displacement curves for the stochastic van
der Pol oscillator. The three curves, from top to bottom, correspond to
shells ð2ðiþ1Þ=2 ; 2i=2 Þ with i ¼ 9, 10, and 11. The unit for the
evolution time k is the mean period of the motion, which is 211
sampling points and hence comparable to the tremor data. A straight
line, obtained by linear least-squares ﬁtting the corresponding portion
of the curve, is also shown. 30 000 points were used in the
computation

tuations for large n. This is a characteristic of diﬀusional
processes. Because of this feature, even the modiﬁed
approach – i.e., smoothing the logarithmic displacement
curve using moving averages before taking the local
slopes – will not work as desired for reasonably large n.
Based on the above considerations, we shall not
pursue the idea of local slopes further in this study.
Instead, we use the following primitive approach to
establish the scaling law and estimate the diﬀusion
exponent. We plot hkXiþk  Xjþk ki versus k on a log–log
scale, identify a scaling region visually, then estimate a
from the slope of the linear portion of the curve. When a
region extends over at least several oscillation periods,
we say the region may be qualiﬁed as a scaling regime;
otherwise, it is not. Whenever a knee point can be easily
identiﬁed from the log–log plot of hkXiþk  Xjþk ki versus
k curves, and the portion before and beyond the knee
point appears quite straight and extends several oscillation periods long, we then take that as multiple scaling.
With this slightly modiﬁed procedure (as compared to
the one used in Gao 1997 and Gao et al. 1999c), we have
re-examined the stochastic van der Pol oscillator. The
result is plotted in Fig. 5. Again, for convenience,
the evolution time k is in units of the mean period of the
oscillation. The straight line is a linear least-squares ﬁt of
the corresponding portion of the curve. We ﬁnd that the
slope of the straight line is 0.46. While this number is
slightly smaller than 0.5, they are quite close.
We note in Fig. 5 that the three curves separate from
each other for k values up to about one mean period of
the oscillation. This manifests that the system retains a
memory of which shell the curves originate from. When
the displacement curves are computed on a series of balls
instead of a series of shells, such a feature will be less
obvious. We suggest that the scaling region for the diffusion starts from where the memory is lost. Note that
for true chaotic systems, the time scale for such memory,
i.e., kp , would typically be considerably shorter than one
mean period of the oscillation.
When a phase point near the underlying deterministic
limit cycle is kicked farther and farther oﬀ the attractor,
the convergent ﬂow toward the attractor becomes

stronger. Eventually the convergent ﬂow would be so
strong that eﬀectively no further separation occurs. This
means that the diﬀusional scaling law will no longer be
valid after k > Kd , where Kd is some suitable time scale
for the diﬀusional scaling law to be valid. Since Kd
depends on the features of the vector ﬁeld, it is system
dependent. For the stochastic van der Pol oscillator
(Fig. 5), we observe that Kd  30T , where T is the mean
oscillation period. We shall see later that Kd is typically
several tens of the mean oscillation period for the
pathological tremor data. Since it is sensible to assume
that an experimental time series is usually on the order
of 100T long, Kd is typically a signiﬁcant fraction of the
total length of the time series.
Displacement curves have been computed for all the
tremor data sets. Good scalings have been observed in
all the cases, indicating that pathological tremors behave
as diﬀusional processes. Sometimes we even observe two
distinct scaling regimes. Examples are shown in Fig. 6
for et01.dat, et03.dat, et05.dat, park01.dat, park04.dat,
and park05.dat. In the ﬁgure, straight lines obtained by
linear least-squares ﬁtting of the corresponding displacement curves are also shown, to indicate the scaling
regime(s). The scaling exponents a, together with their
scaling regime, are listed in Tables 1 and 2. For a data
set with a single scaling regime, the second exponent and
its scaling regime are then left blank in Tables 1 and 2.
Note that for simplicity, we have disregarded the possibility that the data points used for the linear regression
may not be independent, and instead used the standard
formulae to estimate the error of the diﬀusion coeﬃcient. Such a formulae can be found, for example, in
Gordon and Gordon (1994).
To brieﬂy summarize, we have demonstrated that
pathological tremors behave as diﬀusional processes for
time scales from about one to several tens of the mean
oscillation period. Sometimes we even observe two scalings in this time-scale range. The mechanism for two
scalings is, however, still unknown. The diﬀusion time
scale is in sharp contrast to the short-term predictable
time scale of chaos, which is typically only a small
fraction of the mean oscillation period (for example, up
to 0.1–0.2T was studied in Timmer et al. 2000). When
the short time scale is not interesting, further analysis of
diﬀusional behavior – provided that the length of the
total time series is on the order of 100 mean oscillation
periods – is highly recommended.
Next we turn to a discussion on characterizing
quantitatively certain aspects of the variations in the
pathological tremors. Firstly we note that though qualitatively the pathological tremor data show certain
similarity to that of the stochastic van der Pol oscillator
(Timmer et al. 2000), quantitatively they can be very
diﬀerent. This diﬀerence is characterized by the values of
the exponent. In Gao et al. (1999b,c) and Hwang et al.
(2000), we have argued that when the value of the diffusion exponent a is larger than 0.5, the diﬀusion is
anomalous. Thus all the tremor data, except for the ﬁrst
scaling regime of et03.dat, park04.dat, and park05.dat,
belong to this category. The anomalous diﬀusion in
pathological tremors may indicate that the parameters
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Fig. 6a–f. Same as the caption
of Fig. 5, except relating to the
tremor data

for tremor oscillators could be quite close to some
bifurcation points, hence the convergent ﬂow to the
underlying deterministic limit cycle could be very weak.
If this is the case, then at the right parameter values and
noise level it may be possible to observe noise-induced
chaos (Gao et al. 1999b,c; Hwang et al. 2000).
We note that the primary purpose of Timmer et al.
(2000) was not in modeling pathologic tremors by the
van der Pol oscillator, but in exploring how stochasticity
may play some role in tremor dynamics. Now we see
that in terms of chaos theory, the stochastic van der Pol
oscillator is also quite diﬀerent from pathological
tremors.
At this point, we also note that the stochastic van der
Pol oscillator shows higher harmonics in the spectrum at
3; 5; . . . multiples of the fundamental frequency, while
the pathological tremors show them at the 2; 3; 4; . . .
multiples. Hence, the stochastic van der Pol oscillator is

not a good model for pathological tremors, even in
terms of spectral analysis.
Secondly, we calculate a simple and useful geometrical quantity for characterizing a diﬀusional process: the
diﬀusion width, DIFFUwidth . This is estimated as follows
(Gao 1997): In a 2-D embedding space, isolate a small
portion of the diﬀused limit cycle, fxðtÞ : xðtÞ > 0;
jxðt þ LÞ  xðtÞj < g, where  is a positive number that
can be chosen more or less arbitrarily so long as it is
small. Such a region is schematically shown as a narrow
box in Fig. 2 in dashed lines. From this subdata set, we
compute the mean and the standard deviation. We then
estimate DIFFUwidth from the ratio of the standard
deviation and the mean. For a speciﬁc system, DIFFUwidth monotonically increases with the noise level gðtÞ.
However, for diﬀerent systems, even with the same
amount of noise, DIFFUwidth can have wide variations.
For example, when the convergent ﬂow to the underly-
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ing deterministic limit cycle is weak, then DIFFUwidth
can be quite large even the noise is very weak (Gao et al.
1999b). We thus anticipate DIFFUwidth to have wide
variations among the pathological tremor data sets,
since diﬀerent patients should be expected to have different eﬀective noise levels, and the parameters for the
underlying nonlinear oscillators should also be expected
to have wide variations among the patients. Indeed, we
observe from Tables 1 and 2 that DIFFUwidth varies
widely among the patients.
A 1-D version of DIFFUwidth can be obtained as
follows. In each period of the oscillation, obtain the
maxima of the signal to form an estimate of the amplitude of the oscillation. Then compute the mean and
standard deviation of the amplitudes, and form their
ratio, rðAÞ=A. Denote this quantity by AMPfluc . Indeed,
we see from Tables 1 and 2 that the values of AMPfluc
are quite close (sometimes even identical) to DIFFUwidth . This should not be surprising, since the dashed
box indicated in Fig. 2 contains mainly the positive
acceleration peaks, which are closely related to AMPfluc .

period, is a much more promising quantity in discriminating between essential and Parkinsonian tremors
(Tables 1 and 2).
The present work has created more questions than it
has answered. For example, we can ask: What are the
origins of the anomalous diﬀusions in pathological
tremors? Why are there multiple scalings? Might the
dynamical quantities, such as the noise level, the diﬀusion exponents, the diﬀusion width, and the ﬂuctuation
of the amplitude, change in the course of medical
treatment? If the answer is yes, we can further ask: Will
these changes provide useful information to the treatment of pathological tremors? These questions are posed
here with the hope that they may stimulate researchers in
the ﬁeld to design new experiments in the future.
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